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各位老师、同学，大家好。我是关若禹，来自华中科技大学。今天报告的是银
河系双星残差如何影响 LISA 随机引力波背景的振幅推断。
LISA 的毫赫兹频段里有大量银河系双星。较强的源可以被恢复，但较弱的源
仍会留下残余功率。我们要回答的是：如果这部分残差并不完全确定，它会让
随机背景的振幅测量损失多少精度？
我们用 Sangria 注入星表和 Erebor 的源比较结果构造残差功率谱，再量化它
与随机背景谱之间的混淆。

https://arxiv.org/abs/2607.25349
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报告分四部分：先说明问题，再介绍数据和方法，然后给出核心结果，
最后总结适用范围和下一步。重点是第三部分的三个全频段结果。
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The Galactic confusion foreground

Figure: Yu & Jeffery, A&A (2010).
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在进入统计问题之前，先看这张经典图。它来自 Yu 和 Jeffery 2010 年的 A&A 论文，
展示的是 LISA 毫赫兹频段内预计出现的银河系致密双星信号。每一条曲线代表一个双
白矮星系统——成千上万条信号叠加在一起，形成了一个几乎无法逐个分辨的混淆前景。
这就是我们面对的现实：数据中充满了无法单独识别的源。即使全球拟合移除了其中可
分辨的部分，依然有大量未恢复源残留在数据中。残差的前景问题不是假设，而是 LISA
必须处理的基本困难。

接下来我们要讨论的是：这些残差以什么方式影响更微弱的随机背景信号搜索？
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One residual, two statistical questions

Q1: Source discreteness
Fourth-order source statistic

Within one frequency bin

Many comparable sources
↕

a few dominant sources
How concentrated is the residual

power?

Q2: Spectral degeneracy
Mean binned power

Across the frequency band

Residual spectrum
↕

SGWB spectrum
How does residual uncertainty

affect the inferred SGWB
amplitude?
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这是整场报告最重要的一页——它定义了我们的工作要回答的两个统计问题，以及为什
么恰好是这两个。
打开动机之前，先回顾 LISA 面临的基本困境。毫赫兹频段内预计存在数千万个银河系
致密双星，其中绝大多数是无法单独分辨的。这些源叠加在一起形成一个混淆前景——
即使在全局拟合移除了可分辨源之后，依然有大量未恢复源残留在数据中。残差既不可
能被忽略，也不能被毫无代价地边缘化。那么，残差影响随机背景推断的具体渠道是什
么？我们从统计量的阶数来区分。
左边，源离散性。一个频率 bin 内的残差总功率是该 bin 内所有残差源的功率之和。各
源功率分布决定了和变量的四阶统计性质。如果功率分布在许多相近的源上，中心极限
定理保证 bin 功率接近高斯；如果少数源主导，每个源的随机相位都会在总和中留下不
可忽略的非高斯痕迹。所以这个问题问的是：在一个频率 bin 内，源功率是民主地分散
在许多源上，还是集中被少数源垄断？答案将决定 bin 功率偏离高斯分布的程度。
右边，谱简并。残差功率谱 Rk 和随机背景功率谱 Tk(α) 各有自己的频率形状。如果两
个谱在逆方差加权下高度重叠，则增加一个描述残差整体幅度的参数 β 便会与随机背景
振幅 Ω0 形成 Fisher 简并。这是发生在不同频率 bin 之间的均值功率效应，只涉及二
阶矩。问题在于：残差谱和随机背景谱长得到底有多像？残差幅度的不确定性能否被数
据本身的频率区分能力所约束？

本工作的核心预设：这两个问题虽然源自同一组残差，但被分别处理。左边刻画源离散

度，不决定右边 Fisher 矩阵中的跨频率协方差；右边量化谱简并，统计推断中使用的协
方差来自独立的 Gaussian 傅里叶振幅模型。两个角色互补但不可互换。
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From the Galactic foreground to a catalog residual

LDC2A Sangria injections
⇓

Erebor comparison table
⇓

Catalog residual

Sources not recovered:
Recovery confidence
Crec < 0.9
Injection–recovery
overlap Obest < 0.9 Figure: Katz et al., PRD (2025).
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右图是 Erebor 全局拟合的示意。我们从 Sangria 注入源出发，利用 Erebor 比较表来
分类。屏幕上的两个统计量——恢复置信度 Crec 和注入–恢复重叠度 Obest——都是
Erebor 直接输出的数值，我们沿用了 Katz 等人的阈值 0.9 作为分类标准。未通过这两
个条件的注入源构成本文的 catalog residual。
这里不包括已恢复源的参数误差或波形扣除误差。这意味着两点：第一，我们高估了残

差功率——因为部分被标记为”未恢复”的源，在实际分析中可能被识别出来（保守方

向）；第二，我们低估了残差功率——因为被标记为”已恢复”的源也存在扣除误差（非

保守方向）。在当前阈值下，这两个方向大致抵消。作为稳健性检验，我们添加了匹配

源扣除残差的 stress test——Rk 在未匹配源的基础上加上 0 到 10−2 倍的匹配源功率

——σ10%
β 在 η 从 0 到 10−2 的范围内几乎不变。此检验在技术手册中有完整记录。（若

时间充裕：我们额外检验了在残差中混入最高百分之一的已匹配源功率，σ10%
β 对这一

扰动几乎不敏感，因此二元分类的细节不会改变本文的主要数值结论。）
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The residual and SGWB occupy the same frequencies
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Rk > 0 bins
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ΩGW(f) = Ω0

(
f

fref

)α

, fref = 3 mHz, Sh ∝ ΩGW/f3.

Fiducial: Ω0 = 10−11, α = 0

Rk and Tk(0) share a low-frequency shape.
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这是论文最核心的图之一，它告诉我们问题出在哪里。图中涉及四个关键量的
定义——SGWB：能量密度 ΩGW(f) = Ω0(f/fref)

α，应变功率谱密度 Sh(f) =
3H2

0ΩGW/(2π2f3)。残差：每个频率区间的残差功率 Rk =
∑

i∈k,res pi，由未恢复
源功率求和得到。仪器噪声：Pinst,k 采用 Robson 形式的单 Michelson 长波近似灵敏
度曲线，折算为等效入射应变后按 bin 求和。模板：Tk(α) = δfF

∑
j Tj(α)，将 Sh(f)

在 bin 内的傅里叶模式上积分，与 Rk 和 Pinst 量纲一致。
分析频段为 0.4–6.0 mHz，均匀划分为 ∆f = 10−5 Hz 的 560 个频率区间，其中 487 个
区间含有非零残差功率。
左图比较了四种功率：注入双星总功率 Pinj，残差功率 Pres，仪器噪声功率 Pinst，以
及基准随机背景功率 PSGWB。仪器噪声来自 Robson 形式的单 Michelson 灵敏度曲
线，折算为等效入射应变后按 bin 求和得到 Pinst,k。PSGWB,k 由标准公式 Sh(f) =

3H2
0ΩGW(f)/(2π2f3) 出发，代入 fiducial 值 Ω0 = 10−11,α = 0，在 bin 内对傅里

叶模式积分得到 Tk，再乘以 Ω0。所有功率都统一为等效入射应变平方，量纲一致。
中图给出残差占总注入功率的比例，低频端残差占比较高，说明大量源没有被恢复。
右图是整页最关键的信息：将残差谱 Rk 和随机背景模板 Tk(0) 分别以各自最大值归一
化后叠在一起。两者在低频端的形状高度相似。物理原因是 Sh(f) ∝ f−3 使得随机背景
的应变功率集中在低频，而银河系残差同样在低频最强。
需要提醒听众注意这一页和前面 confusion foreground 那页的区别：前面那页展示的是
时间-频率域里成千上万条双星信号叠加的混乱程度，这一页展示的是将这些信号按频率
bin 聚合后的功率谱。纵轴从”应变谱密度”变成了”bin 内积分功率”——这是从波形
层面跳到统计推断层面的关键一步。

因此，问题不只是”残差有多大”，而是”残差能否与随机背景在统计上分开”。如果两

个谱形相似，残差幅度的不确定性就会传递到随机背景振幅的推断中。后续所有 Fisher
结果本质上都是对这个谱重叠的定量描述。
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From catalog sources to binned power

Analysis band: 0.4–6.0 mHz
∆f = 10−5 Hz ⇒ 560 bins
487 bins with Rk > 0

Catalog residual template

Rk =
∑

i∈k, res
pi

SGWB template

Tk(α) =
∑
j∈k

3H2
0

2π2f3j

(
fj

fref

)α

δfF

Mean binned power model

µk = Pinst,k +Ω0Tk(α) +βRk

Ω0: SGWB amplitude (target).
β: residual-power factor (nuisance).

Ω0–β degeneracy from the spectral
overlap of Tk and Rk.

Prior width σβ: β = 1± σβ.
How well must the residual power be

known?
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这里取 bin 宽度为 10 微赫兹，是三个条件之间的折中。第一，需要把 0.4 到 6 毫赫兹
的分析频段划分成足够多的区间，以保留残差前景和 SGWB 模板的频率依赖；这一选
择给出 560 个 bin。第二，每个 bin 仍包含大约 315 个独立傅里叶模式，因此 bin 功率
的高斯近似具有较好的统计基础。第三，在本文采用的近似中，银河系双白矮星的本征
chirp 和年度 Doppler 调制对应的频率范围通常小于 10 微赫兹，因此大部分源的功率
不会显著跨越多个 bin。
对每个未恢复源，我们首先根据其轨道平均、长波近似下的 Michelson X 响应计算等效
功率 pi。这里的具体响应假设不需要在主页面展开。将同一 bin 内所有未恢复源的 pi
相加，就得到 catalog 预测的残差模板 Rk。在给定 catalog 和频率分配方案后，Rk 是
一个确定量。
SGWB 模板 Tk(α) 则由单位振幅、谱指数为 α 的各向同性 SGWB 经过标准应变
PSD 公式 Sh = 3H2

0ΩGW/(2π2f3) 后，在第 k 个 bin 内对离散傅里叶模式求和得到。
乘上无量纲振幅 Ω0 后，Ω0Tk(α) 就是该 bin 中的 SGWB 功率。
均值模型由三部分组成：仪器噪声功率、目标 SGWB 功率和未恢复银河系双星的残差
功率。Pinst,k 来自单 Michelson 长波近似灵敏度，并在 bin 内对傅里叶模式求和。
Ω0 是目标参数，β 则控制 catalog 残差模板的整体幅度。fiducial 值为 β = 1，对其
施加均值为 1、标准差为 σβ 的高斯先验。两个参数之所以无法被数据独立约束，是因

为它们的模板 Tk 和 Rk 在频率上形状相似——这是整项工作最核心的物理简并。本文

要回答的问题因此是：为了避免 Ω0 的不确定度显著增大，残差前景的整体功率需要被

标定到多高的精度？
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Source concentration and non-Gaussianity

Excess kurtosis γ2: measures deviation from Gaussianity.
γ2 = 0 for Gaussian; γ2 < 0 means flatter-than-Gaussian tails.
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∑
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Median |γ2,tot| ≃1.4× 10−2.
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这一页回答左边的源离散性问题。先解释一个关键概念：超额峰度 γ2。它是标准化四阶
累积量，度量分布相对于高斯的偏离。高斯分布 γ2 = 0。γ2 > 0 称为高峰态，尾部比
高斯更厚，容易出现极端值。γ2 < 0 称为低峰态，尾部比高斯更薄，中心更扁平，取值
更集中于均值附近。随机相位独立源和给出的恰好是 γ2 < 0——这是有限个独立余弦
项叠加的必然数学结果。由此我们可以使用独立、可加的累积量计算对应的偏差。
在我们的语境中，将一个频率 bin 内的残差功率写为该 bin 中所有未恢复源的独立随机
相位余弦项之和。每个源的相位在 0 到 2π 之间均布且彼此独立，这是银河系双星在银
河尺度上空间分布的结果。利用累积量的可加性，可以严格导出源和的超额峰度 γ2,res
与源功率集中度 C2 之间的关系——γ2,res = −3C2/2。完整推导在备用页。
为什么选择 γ2？因为它只依赖源功率比，不依赖总功率的绝对标度，因此是刻画源离散
性最自然的无量纲量。C2（二阶 Rényi 集中度，也是逆参与比）则提供了从星表直接计
算 γ2 的桥梁。
稀释公式的物理图像：总信号是残差加上近似高斯的仪器噪声和 SGWB。高斯分量的四
阶累积量为零，因此总四阶累积量完全来自残差。但总方差增加了噪声分量，超额峰度
被稀释因子 (Rk/µk,fid)

2 压制。平方意味着残差只占总功率百分之十时，峰度被压制
到百分之一——这就是为什么 bin 层面的非高斯信号在中位数上仅为 1.4× 10−2。

图中三面板：左 C2，中 Rk/µk,fid，右 |γ2,tot|。红叉标记了稀释后峰度最大的 36 个
bin。
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Quantifying the degeneracy: Fisher and marginalization

Spectral overlap ρΩβ

Fisher elements:

A =
∑ T2

k
Vark

, B =
∑ R2

k
Vark

C =
∑ TkRk

Vark

ρΩβ =
C√
AB

No-prior uncertainty increase

I0 =
σΩ,marg
σΩ,fixed

=
1√

1− ρ2
Ωβ

ρ = 0 ⇒ I0 = 1: orthogonal.
|ρ| → 1 ⇒ I0 → ∞: degenerate.

Prior width condition: β = 1± σβ ⇒ B → B+ 1/σ2
β.

Choose σβ so that I(σβ) ⩽ rmax.
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这一页回答 Q2——谱简并如何量化。核心只有两个量：归一化谱重叠 ρ 和无先验不确
定度放大 I0。
先看 ρ 的物理意义。在 Fisher 矩阵中，A 是 Tk 自身的信息，B 是 Rk 自身的信息，C
是两者的逆方差加权交叉项。ρ = C/

√
AB 就是两个模板在统计权重下的相关系数——

它不依赖于任何参数的绝对值，只问一个问题：残差谱和 SGWB 谱长得有多像？如果
它们在噪声较大的频率处恰好也高度重合，ρ 就大。
再看 I0。它是比较两个不确定度：分母是固定 β 时Ω0 的标准差（最好情况），分子是将
β作为自由参数进行边缘化后Ω0 的标准差。二参数 Fisher求逆给出 I0 = 1/

√
1−ρ2。

ρ = 0 时 I0 = 1——两个方向正交，边缘化 β 不会增加 Ω0 的不确定度，这就是”no
cost”的确切含义。|ρ| 趋近 1 时 I0 发散，意味着不提供额外先验就无法同时约束两个
参数。
什么是边缘化？在 Fisher 框架中，边缘化 β 就是在逆矩阵中先将 β 所在的行列通过高
斯积分消去，Ω0 的方差从 1/A 变为 B/(AB − C2)。它回答一个非常实际的问题：如
果我们不假设知道残差功率，而是让数据同时决定残差和 SGWB，我们对 SGWB 振幅
的判断会模糊多少？

I0 为什么不显含 σβ？因为 I0 定义在无先验极限——σβ → ∞。一旦施加先验 β =

1±σβ，相当于在 Fisher 矩阵的 B 元素上加一项 1/σ2
β，I 变为 I(σβ) < I0。给定允

许的最大放大因子 rmax，反解 σβ 就得到先验宽度条件。



The Problem
Data & Method

Results
Conclusions

All-bin result
Frequency structure

Outline

1 The Problem

2 Data & Method

3 Results
All-bin result
Frequency structure

4 Conclusions

Ruo-Yu Guan (Huazhong Univ. of Sci. & Tech.) GB Residuals & LISA SGWB Inference 12/18



The Problem
Data & Method

Results
Conclusions

All-bin result
Frequency structure

Omitting vs. marginalizing the residual

Wrong model: omit Rk

T (SGWB)

Rk

R∥
k = ∆Ω0Tk

R⊥
k

∆Ω0 =
C
A ≃ 2.5× 10−11

Residual absorbed as extra SGWB
power.

Ω0,fit ≃ 3.5× 10−11

(Ω0,true = 10−11).
119.5× the fixed-β Fisher uncertainty.

Correct model: marginalize β

10−4 10−3 10−2 10−1
0

5%

10%

13.6%
10% target

No-prior: 13.6%

7.3× 10−3

Prior width σβ

In
cr

ea
se

in
σ
Ω

0

σβ → 0 ⇒ I → 1 (fixed β).
σβ → ∞ ⇒ I → I0 = 1.136 (no prior).

Reference: α = 0, Ω0 = 10−11; covariance variants on the next slide.Ruo-Yu Guan (Huazhong Univ. of Sci. & Tech.) GB Residuals & LISA SGWB Inference 13/18
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Robustness to unresolved sub-bin frequency structure

Catalog-to-Fourier mapping (∆f = 10−5 Hz, δfF ≃ 3.2× 10−8 Hz, 315–316
modes/bin). Sets both Rk (mean) and mode-power variance (covariance).

Uniform within bin (coarse-grained
reference)

schematic

Evenly distributed across ∼315 modes.

Drift + Doppler (physically motivated)

schematic

Within chirp + annual Doppler range.

Mapping mink νeff,k Inflation σ10%
β,max

Uniform within bin ∼ 630 13.6% 0.0073
Drift + Doppler support ∼ 93 11.2% 0.0145

νeff: moment-matched chi-square d.o.f. Closest-frequency stress test in backup.
Finite-source random-phase diagonal: 13.6%→ 13.8%. Reference result not driven
by Gaussian self-noise (diagonal only; cross-frequency covariance not included).
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Summary

1 Residual omission causes parameter bias.
The fitted Ω0 absorbs residual power aligned with the SGWB
template. ∆Ω0/Ω0,true ≃ 2.5.

2 Residual uncertainty propagates into SGWB uncertainty.
Marginalizing β opens a spectral-degeneracy direction: 13.6%
no-prior inflation, σ10%

β,max ≃ 0.0073.

3 Gaussian residual self-noise does not drive the reference result.
Finite-source random-phase diagonal covariance: 13.6%→ 13.8%.

Reference case: α = 0, Ω0 = 10−11, all 560 bins, uniform within each bin.
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Scope and future work

Current model
Catalog residual from
recovery-threshold classification
Orbit-averaged scalar Michelson X
power
Independent complex Gaussian
Fourier amplitudes
Diagonal covariance fixed at the
fiducial spectrum
One residual normalization
parameter β

Future work
Global-fit residual realizations and
subtraction uncertainty
Time-dependent, multichannel TDI
response
Coherent cross-frequency and
cross-channel covariance
Flexible residual spectral and
population-level model

Interpretation boundary
The reported numbers are conditional on a catalog-level scalar-power model; they

are not a full coherent, multichannel LISA posterior forecast.
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Science Motivation & Bayesian Framework
Scientific Motivation

Space GW detectors (TianQin, LISA)
will resolve ∼ 104 double white
dwarfs (DWDs).
DWD populations constrain binary
evolution models (e.g., common
envelope efficiency).
Goal: Recover Galactic DWD
intrinsic population while correcting
for selection effects.

Hierarchical Bayesian Model
Mixture model for chirp mass M:

π(M | λ) = ωπPL(M | α)+(1−ω)πG(M | µ, σ)

Population parameters:
λ = (ω, α, µ, σ)

Selection function α(λ) corrects
detection bias.

Intrinsic (grey) vs. detected (orange)

DWD chirp mass distribution under

selection effects.

Jin et al. (SYSU / HUST / NJU) GW DWD Population Inference July 31, 2026 2 / 4



Key Results: Parameter Recovery & Optimal Threshold
Posterior Recovery

HBI accurately recovers
population parameters
(ω, µ, σ, α) under
selection effects.

Optimal 10% Threshold

KL divergence (DKL)
quantifies recovery
accuracy.

Minimum at 10%
relative error threshold
for TianQin, LISA, and
TianQin+LISA.

Strict thresholds (< 1%)
suffer from small-sample
bias; relaxed (< 100%)
suffer from noise.

(a) Posteriors (∆M/M < 10%)

(b) KL Divergence vs. Error

Threshold
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Population Recovery & Conclusions
Population Distribution Recovery

Recovered model closely aligns
with intrinsic population under 10%
threshold.

Power-law + Gaussian mixture
model captures both low-mass tail
and main peak.

Mixture components reflect
physical DWD sub-populations:

▶ He-He (∼ 0.3M⊙), He-CO
(∼ 0.35M⊙)

▶ CO-CO (∼ 0.55M⊙), ONeMg
(∼ 0.8M⊙)

Connects global GW population
inference with binary evolution
physics.

(a) Recovered distribution vs. intrinsic & detected sample

(b) Intrinsic chirp mass distribution by stellar type

Jin et al. (SYSU / HUST / NJU) GW DWD Population Inference July 31, 2026 4 / 4



Backup Slides



All-bin Fisher details

Gaussian residual amplitudes

Residual distribution |ρΩβ| I0 σ10%
β Min. d.o.f.

Uniform within each bin 0.475 1.136 0.00728 ∼ 630
Intrinsic drift + Doppler 0.438 1.112 0.01451 ∼ 93
Closest Fourier frequency 0.308 1.051 No prior ∼ 3.3

Uniform finite-source diagonal check: I0 = 1.138 and σ10%
β = 0.00698.

Reference case: Ω0,fid/σΩ,fixed = 47.9.
The 73 bins with Rk = 0 add FΩΩ but not FΩβ or Fββ.
Reference omitted-residual shift: ∆Ωbias/σΩ,fixed = 119.5.
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Overall noise-amplitude uncertainty

µk = ηPinst,k +Ω0Tk +βRk, ηfid = 1

Quantity Fixed η η marginalized
Ω0,fid/σΩ,fixed 47.9 17.0
I0 from marginalizing β 1.136 1.130
σ10%
β 0.00728 0.00848

Uncertainty in the overall instrumental-noise amplitude affects the absolute
Ω0 constraint more than the relative cost of marginalizing β.
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Selected frequency subsets

487 bins with Rk > 0, ranked by |γ2,tot,k|:

α Nbin Ω0,fid/σΩ,fixed I0 σ10%
β

−2 6 1.28 2.36 0.015
−2 36 6.98 2.03 0.008
0 6 2.29 3.04 0.015
0 12 4.73 1.84 0.014
0 24 7.62 1.97 0.010
0 36 9.98 1.76 0.009
2 6 4.52 2.90 0.016
2 36 17.51 1.42 0.011

The ranking selects bins where the random-phase source discreteness remains least
diluted; it does not rank the spectral overlap itself.
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Prior widths for selected subsets

6 12 24 36
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= 0

6 12 24 36

= 2

Nbin

 increase 10%  increase 20%  increase 50%  increase 100%

α = −2, 0, 2; thresholds of 10%, 20%, 50%, 100%. Open triangles indicate that no
informative prior is required.

Ruo-Yu Guan (Huazhong Univ. of Sci. & Tech.) GB Residuals & LISA SGWB Inference 4/15



Dependence on frequency-bin selection
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Gray bands: 16th–84th percentiles from 200 random subsets at each Nbin; they
show variation across frequency subsets, not measurement uncertainty.
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Source concentration and Fourier covariance

Distinct but connected statistical objects
γ2,tot describes the distribution of an auxiliary, response-averaged
random-phase source sum. It does not determine the full
cross-frequency covariance of Fourier power.

C2 and γ2,tot are used to characterize source discreteness.
For the uniform-within-bin mapping, C2,k determines the
finite-source diagonal correction to the mode-power covariance.
The all-bin Fisher result uses a fixed Gaussian mode-power
covariance; the finite-source check changes 13.6% to 13.8%.
Subsets are ranked by |γ2,tot,k| only to select bins where the
random-phase signature remains least diluted.
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Random phase model derivation

Model: xres =
∑

i xi, xi =
√

2pi cosϕi, ϕi ∼ U(0, 2π) i.i.d.

Moments of a single term: ⟨cosϕ⟩ = 0, ⟨cos2 ϕ⟩ = 1
2 , ⟨cos4 ϕ⟩ = 3

8 .

⟨xi⟩ = 0, ⟨x2
i ⟩ = pi, ⟨x4

i ⟩ = 3
2p2

i

κ4,i = ⟨x4
i ⟩− 3⟨x2

i ⟩2 = −3
2p2

i

Cumulants add for independent variables: κ4,res = −3
2
∑

i p2
i , σ2

res =
∑

i pi.

Excess kurtosis: γ2,res =
κ4,res
σ4res

= −
3
2

∑
p2

i
(
∑

pj)2
= −

3
2C2

Note: pi already contains orbital average → xres is auxiliary
response-averaged source sum, not time-dependent Michelson strain.
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Noise dilution step-by-step

Setup: x = xres + xG (xG approx. Gaussian). Cumulants add for
independent variables.
Gaussian properties: κ4,G = 0.

κ4,tot = κ4,res = γ2,res σ
4
res

σ2
tot = σ2

res + σ2
G

Dilution formula:

γ2,tot =
κ4,tot
σ4

tot
= γ2,res

σ4
res

(σ2res + σ2
G)2

= γ2,res

(
σ2

res
σ2

tot

)2

Identifying σ2
res = Rk, σ2

tot = µk,fid: γ2,tot,k = γ2,res,k (Rk/µk,fid)
2 .
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Fourier-mode covariance construction

Sangria parameters: N = 6 307 200, cadence 5 s, Tobs = 31 536 000 s,
fj = j/Tobs, δfF = 3.17× 10−8 Hz.
Independent Gaussian Fourier-mode powers: ⟨Ŝj⟩ = Sj, Cov(Ŝj, Ŝj ′) = S2

j δjj ′ .
Binned power: V̂k = δfF

∑
j∈Jk

Ŝj, µk = δfF
∑

j Sj, VarG = (δfF)2
∑

j S2
j .

PSD decomposition: Sj = Sinst(fj) +Ω0Tj(α) +βSres,j.
Three residual Fourier distributions (same total catalog power):

Uniform: νeff ≈ 2Mk ≈ 630 (CLT well-satisfied)
Drift+Doppler (chirp+Doppler broadening): νeff ≈ 93
Closest-frequency: νeff ≈ 3.3 (Gaussian approximation weakest; limiting
case)

The assigned powers determine both Rk in the mean and the covariance;
drift–Doppler intervals can transfer power between neighboring bins.
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Residual covariance model dependence
Let Gj be the instrumental+SGWB spectral density and Hj the residual spectral density
at Fourier frequency j.
Gaussian residual
amplitudes

Var(Ŝj) = (Gj +Hj)
2

Includes the H2
j variance

from Gaussian residual
amplitudes.

Finite-source random phase

Var(Ŝj) = (Gj +Hj)
2 −C2,kH2

j

Uniform distribution; diagonal
correction.

Fixed residual Fourier
realization

Var(Ŝj) = G2
j + 2GjHj

Conditional on a fixed
residual Fourier realization.

Residual distribution Gaussian Finite source Fixed residual

Uniform within each bin 13.6% 13.8% 21.0%
Intrinsic drift + Doppler range 11.2% — 21.1%
Closest Fourier frequency 5.1% — 21.0%

Interpretation
The uniform all-bin increase changes by only 0.2 percentage points under the finite-source

diagonal correction.

Prior widths for the uniform-within-bin mapping: 0.00728 (Gaussian), 0.00698 (finite
source), and 0.00258 (fixed residual). None includes coherent cross-frequency covariance.
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Instrumental-noise convention

Long-wavelength single-Michelson noise:

Sinst(f) =
20

3L2

[
POMS(f) +

4Pacc(f)
(2πf)4

]
, L = 2.5× 109 m

OMS (position noise):
POMS(f) = (1.5× 10−11 m)2 Hz−1[1+ (2.0× 10−3 Hz/f)4

]
Acceleration noise: Pacc(f) =
(3.0× 10−15 m s−2)2 Hz−1[1+ (0.4× 10−3 Hz/f)2

][
1+ (f/8.0× 10−3 Hz)4

]
Convention: 20/3 = 1/RX

LW converts to equivalent incident strain, same as
pi and SGWB template. Pinst,k = δfF

∑
j∈Jk

Sinst(fj).
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Fisher matrix construction

Setup: θ = (Ω0,β), covariance diagonal and fixed at fiducial.

Fij =
∑

k

(∂θiµk)(∂θjµk)

VarG(V̂k)
, ∂Ω0µk = Tk(α), ∂βµk = Rk

Element Expression

A = FΩΩ

∑
k

T2
k/VarG(V̂k)

B = Fββ

∑
k

R2
k/VarG(V̂k)

C = FΩβ

∑
k

TkRk/VarG(V̂k)

Gaussian prior β = 1± σβ: B→ Bσ = B+ 1/σ2
β. Fixed β:

σΩ,fixed = A−1/2. Marginalized: σΩ,marg =
√

Bσ/(ABσ −C2).
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Uncertainty increase and prior-width condition

Uncertainty inflation: I2(σβ) = ABσ/(ABσ −C2), Bσ = B+ 1/σ2
β.

No-prior limit: I0 = 1/
√

1− ρ2 with ρ = C/
√

AB.
Prior-width condition I(σβ) ⩽ rmax:

B+
1
σ2
β

⩾ C2

A (1− r−2
max)

If B ⩾ C2/[A(1− r−2
max)]: no informative prior needed

Otherwise: σβ,max =
[
C2/(A(1− r−2

max)) −B
]−1/2

Thresholds: rmax = 1.1, 1.2, 1.5, 2.0 (10%, 20%, 50%, 100%).
Omitted-residual bias: ∆Ωbias/σΩ,fixed = βfid C/

√
A. (Linearized shift —

distinct from marginalization penalty.)
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Random-phase moment comparison

Procedure: 5× 104 realizations per bin, 487 bins with Rk > 0. For each, draw
ϕi ∼ U(0, 2π) i.i.d., compute xres =

∑
i
√

2pi cosϕi, estimate γ2 from sample
moments.

Metric Value

Pearson r(γ2,MC,γ2,res) 0.9991
RMS(∆γ2) 1.78× 10−2

95th percentile |∆γ2| 3.71× 10−2

Range of γ2,res [−1.5, 0]

Wider scatter at small C2: sampling variance near Gaussian limit.
corr(∆γ2, C2) = 0.036 — no systematic bias.
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Analysis settings reference

Setting Value

Catalog data LDC2A Sangria + Erebor comparison table
Response Orbit-averaged Michelson X, RX

LW = 3/20
Frequency range 0.4–6.0 mHz
Bin width ∆f 10−5 Hz (560 bins)
Observation Tobs = 31 536 000 s, cadence 5 s
Fourier modes per bin 315 or 316
Recovery criteria Crec ⩾ 0.9, Obest ⩾ 0.9
Fiducial SGWB Ω0 = 10−11, α = −2, 0, 2, fref = 3 mHz
H0 67.4 km s−1 Mpc−1

Noise model Long-wavelength single-Michelson form
Covariance Gaussian-amplitude; finite-source and fixed-residual comparisons
Fisher parameters (Ω0,β), Gaussian prior on β

Thresholds rmax 1.1, 1.2, 1.5, 2.0
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